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Abstract

This paper aims to establish adequate conditions that are intended for the oscillation of every solution of the second order
advanced type half-linear difference equations with noncanonical form. Initially, we derive a sufficient condition that
ensures all solutions of the studied equation are either oscillatory or tending to zero. Secondly, we obtain a criteria for the
oscillation of all solutions of the studied equation. These criteria are obtained by using Riccati transformation and
summation averaging method. The results established in this paper in essence complement, extend and enhance the
existing outcomes recorded in the literature. The improvement of our main results are illustrated through three examples.
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1. Introduction
The second order half-linear difference equations of the semblance

A, (AY,)*) +0.Yom =0, nxn, (1)
where a >0, whose solutions oscillate is studied subject to the conditions:
(i) {a,} isapositive real sequence and {o(n)} issuch that o(n)>n+land A(a(n)) >0
forall n=n,;
(i) {q,} is a nonnegative real sequence and it is not vanishing identically for many values of
nxn,.

A nontrivial real valued sequence {Y,} satisfying (1) forall n>n,is called a solution of (1) and
regarding only those solutions that exist for n> N >n, satisfying
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sup{|x,:n>N,;}>0 forany N,>N.

A solution of (1) is oscillatory if it is neither eventually negative nor eventually positive, else
termed as nonoscillatory. If all solutions of (1) oscillate, then it is regarded as oscillatory.
Adhering to Trench (1973), (1) is canonical if

n1 1
dYa *>w as noow. )
t:no

Conversely, (1) is in noncanonical form if

o 1
Z:aT @ < op, @)

t:no

Difference equations with advanced argument finds applications in the progression of growth rate
which not only rely on the current, but extends to the near future. Inducing an advanced argument
persuades the subsequent actions that are immediately accessible and helpful for decision making.
Economic crisis and dynamics of population for instance are the phenomenal complications,
contemplated to manifest (Elsgolts and Norkin, 1973; Agarwal, 2000).

A very great attention were received recently for the oscillatory and asymptotic behavior of
solutions of difference equation (Agarwal, 2000; Agarwal et al., 2005). Though there was much
investigation done on delay difference equations, meager studies were devoted to equations having
advanced arguments (Zhang and Cheng, 1995; Zhang and Zhang, 1999; Thandapani et al., 2001;
Ping and Han, 2003; Agarwal et al., 2005; Ocalan and Akin, 2007; Arul and Ayyapan, 2013;
Selvarangam et al., 2016; Wu et al., 2016).

Ping and Han (2003) considered the following equation
A(a,(Ay,)+p,Y, + 0Yom =0, N2=ny, 4)

and obtained some sufficient conditions for the oscillation of all solutions of equation (4) when it is
in canonical form.

Ocalan and Akin (2007) considered the following equation
AY, + P, Y.« =0, n=ny, (5)

and established several sufficient conditions for the oscillation of all solutions of equation (5)

Zhang and Li (1998) considered the following equation
A@,(AY, ) +d,Y,m =0, n=ny, (6)

and derived several oscilltion criteria through Riccati equation when equation (6) is in canonical
form.
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Arul and Ayyappan (2013) considered the following equation
A(a'nA(yn + pn yn+k )) + qn yn+| +Vn yan+m = O’ nz nO’ (7)

and obtained conditions for the oscillation of all solutions of equation (7) when it is in canonical
form.

From the above review of literature one can see that all the oscillation results established for the
advanced type difference equations are linear and in canonical form. Therefore in this paper we
obtain oscillation criteria for second order advanced difference equation with noncanonical form
since such equations include Euler-type difference equations as a special case.

2. Main Results
Henceforth assume that (3) holds. Define

o -l
A(n)=>as.

Let us consider only the positive solutions of (1), for if {y,} satisfies (1), then {—y,} also does.

Lemma 1 Assume that

2.0 = ®)
n:nO

Further, assume that (1) has a positive solution {y,} forall n>n, >n,. Then

Yo >0, Ay, <0, A(a,(4y,)") <0, ©)

for n=n,. Moreover {L} is nondecreasing for n=n,.

A(n)

Proof: Let{y,} be a positive solution of (1) for n>n,. From (1), we have
A(a‘n (Ayn)a) =-q, yg(n) <0.

This implies that, {Ay,} is either positive or negative eventually. To the contrary suppose that (8)
holds, and there isa Nn, >n, suchthat Ay, >0 for n>n,. Define

o, = B

. onxn,
ya(n)

and thereforew, >0 and
a'n+1 (Ayn+1)a a

AW, = —Q, —————— Ay ) < —0Q,. (10)
Yos1) Yo(n)
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Summing (10) from n, to n-1, resultsin

n-1
w, <w, — > 4.

s:n2
In view of (8), it is evident that the last inequality contradicts the positivity of {w.}. This justifies
that Ay, >0 is not possible implying that {y,} satisfies (9) forall n>n,.
1

From the monotonicity of a@Ay, that for | >n,
1 1

| 1 [
Y, =—Y a%a) Ay, > —arAy, Y as.

Letting | — o, we see that
Y, = —anéAyn A(n). (11)
Now we have from (11)

a A(n)A(n+1)

Hence { Yo } is nondecreasing, which completes the proof.

A(n)
Theorem 2 Suppose that
1

i [al nz_:qu = 0, (13)

n=n, n s=ng

Furthermore, if (1) has a positive solution {y,} forall n>n >n;, then {y,} satisfies (9) forall
n=n and
limy, =0. (14)

n—o0

Proof: Let {y, } be a positive solution of (1) for n>n,. From (13) and (3), the unboundedness
of Z: g, isevident, implying (8) holds. By Lemma 1, {Yy,} satisfies (9) for n>n,.
-0

Since {y,} is positive decreasing, there is M >0 such that lim,_..Y, = M. Assume M >0.
Then there is an integer n, >n, such that

1462



International Journal of Mathematical, Engineering and Management Sciences u@m
Vol. 4, No. 6, 1459-1470, 2019
https://dx.doi.org/10.33889/IIMEMS.2019.4.6-115

-A(a, (AY,)) = 4,Yem ZM*q,, n=n,
Taking summation from n, to n-1, in the last inequality, leads to

n-1
-a,(Ay,)" 22, (Ay, )" +M* > d,,

s:n2
that is,
1
1 n-1 ;
—Ay, > M = > |- (15)
n s=n2

Summing (15) from n, to n-1, we obtain

n-1 1 s—1 é
Yo < Yo, =Mz 2| =D 0 | -
s=n, s t=ny

In the last inequality using (13) implies that y, — —o0, as n —co which is a contradiction to the
positivity of y, . Thus M =0, and the proof is complete.

Theorem 3 If

> (i S A (a(s))qua = o, (16

n=ny n s=ngy

then (1) oscillates.

Proof: Assume the contrary that {y,} is a solution of (1) such that y, >0, 'y, >0 for all
n=n, 2n,. Note that (8) is essential for (16) to hold. The function

S A% (0 (s))a,

s:nO

is unbounded due to (3) and AA(n) <0, (8) must hold. Then, by Lemma 2.1, {y,} satisfies (9)

Y
A(n)
n, >n, suchthat y, >MA(n) for n>n,. Substituting this inequality into (1), we see that

for all n=n,. It follows from { } is nondecreasing there is a constant M >0 and

—A(a, (4y,)*) = M“q, A" (o(n)). (17)

Summing (17) from n, to n-1, we have
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“a,(Ay,)" =M® S 0, A% (o(S)),

s:n2

that is,

Ay, M{"Zlqs/v <a(s»]a .

a s:n2
an

Again taking summation from n, to n—1 and taking (16) into account, we get

n-1 M s—1 " a
Yo, < Vo= > T(thA (a(t))} —» —o0, a5 N —> 0,

s=n, a; t=n,
s

This contradiction completes the proof.

In the next theorem, we derive the oscillation criteria for the case when (16) does not satisfy.

Theorem 4 If
n-1
limsupA? (a(n)) > _a, >1, (18)
n—oo S:nl

forany n, >n,, then (1) oscillates.

Proof: Assume the contrary that {y,} is a solution of (1) such that y, >0, vy, >0 for
n>n >n,. Firstnote that (18) along with (3) imply (8). Then by Lemma 1, {y,} satisfies (9) for
all n>n,. Summing (1) from n, to n—1 and applying the fact that {y,} is decreasing, we
have

n-1
_a‘n (Ayn )UC = _a'n1 (Aynl)a + qu yZ(s)
s=n

n-1
o
Z Yo n) qu

S:ﬂl

Using Lemma 1, we obtain (11), and together with the above inequality leads to

n-1
—a, (AY,)" ==, (A, )" A“(a(n) D 0
s=ny

n-1
>—a, (Ay,)* A" (a(n) D .
s=n
and hence we obtain

limsupA* (a(n))niqS <1.

n—>o s=n
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This contradicts (18) and the proof is complete.

Wiy

Theorem 5 Suppose that condition (8) holds and if there is a positive solution {p, } such that

JamE( (AcE)) A (ap)
||Tjgp{—n§[psqs( A(S) j (a-i-l)aﬁl p: (

forany N >n,, then (1) oscillates.

A(s+1)

a(a+l)
J J} >1  (19)

Proof: Assume the contrary that {Y,} is a solution of (1) such that y, >0, and Yy, >0, for

all n>n >n,. By Lemma 2.1, {y,} satisfies (9) for n>n,. Define

a,(Ay,)” 1
= , h=n.
o p"{ Yo " A”’(n)j '

By virtue of (11), we see that v, >0 forall n=n,. From (20) we have

A(an (Ayn)a) _ pna‘n+1 (Aynﬂ)a
B Vi Vi

A
AV = p”v

Ayy +pnA£

From (1) and (12), we have

A, (Ay,)°) s—(m

‘. n=n,=n,.
A(n) )qnyn 2 1

Using (22) in (21) one obtains

AVn = %le _pnqn {

n+1

Ac)) (v 1 Ay
An ) o AT )y

+p,A L , n=n,
A*(n)

By Mean Value Theorem,
AYE = at® Ay,
where Yy, ., <t<y.. Since Ay, <0, we see that

Ayy SaMAyn.

n

From (23) and (24), we obtain
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Alc(n)) Ap Vo 1 e, 1
Av < — + y ., — n+l LAY + o Al ———
n pnqn( A(n) pn+l n+l (X,On " A“(n+1) yr?+l yn pn Aa(n)
Alc(n))  Ap,
<-— Vv
p”q” [ A(n) ’ pn+l m

a+l
—ap{\’“ﬂ _a 1 ]A aflml) AZ“WHA[ a1 J
pn+l A (n+1) A (n) yn+1 A (n)

1
where we have used {Az:l)} is nondecreasing. Again using ang Ay, is decreasing and then from

(20), we obtain

n n+1

A < pa ( A(e(n)) J Y

A(n) pn+1
1
a+l 1+—
_a/zn A(n+1) Vo i 1 A al .
a; A(n) pn+l A (n+1) A (n)
a+l
A
Let A= , B= lap“ - A(n+1) , C :ap#“ and using Lemma 6 of Wu et al.
Pni1 a =\ A(n) A*(n+1)
n /~n+l

(2016), we get

AVn < _pnqn [

A(a(n»j”’+ 2 (Apm*l( A) J“(M +A(—p”

A(n) (ax +:|.)UHrl ps’ A(n+1) A“ (n)]' nzn,. (25)

Summing (25) from n, to N—1, we obtain

n— a a+ a(a+l)

$l o [AeO) & (@p)"( A P P
ST AG) ) (@) LA+ A*(n)  A*(n,) 2"
Using the definition of Vv, in the above inequality leads to

n— a a+ a(a+l)

le o Ae()) _ a  (Bp) " Als)

S0 AG) @+ pf (A(s+1)

< P, —2——p, - (26)

1466



International Journal of Mathematical, Engineering and Management Sciences u@m
Vol. 4, No. 6, 1459-1470, 2019
https://dx.doi.org/10.33889/IIMEMS.2019.4.6-115

On the other hand, from (11), it follows that

—Pn < a‘n (Ayn)a <0
a —7”n a - (27)
A*(n) Ya

Combining (26) and (27), we get

= Ac)) a Ap)t( As) )T
Sanz[p sqs[ AGS) J T@r) pe (A(s+1)j J

an An “

< by TS (28)
A ey

A*(n)

Multiplying (28) by and then taking lim sup as n — oo, we get

n

|imsupL(n) ”Z—l Lpsqs [ A(U(S)) ja _ as (Aps)aﬂ [ A(S) ja(aﬂ)} Sl, rich

A(s) (@+1)**  p* | A(s+1)

contradicts (18). This completes the proof.

N—w Pn s=n,

By taking p, = A”*(n), p,=A(n), and p, =1 following corollaries are consequent from
Theorem 2.5, respectively.

Corollary 6 Assume that (4) holds. If

n-1 a a+l Aa2+a (S)
limsup)_ | g,A* (a(s))—(aﬂj T— >1, (29)
N—>©  s=N asa A” +a+1(s+1)

forany N >n,, then (1) oscillates.

Corollary 7 Assume that (4) holds. If

limsup Aafl(n)“iqs A™(o(s)) _ 1 A" (s)

- >1, (30)
n—o s=N A l(s) (a_'_l)oﬁla; Aa2+a (S +1)

forany N =n,, then (1) is oscillates.

Corollary 8 Assume that (4) holds. If

Iimsup(A"(n)niqS (%} J>1, (31)

forany N =n,, then (1) is oscillates.
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3. Examples
This section illustrates the effectiveness of our outcomes having the subsequent difference
equations.

Example 1. Consider the second order advanced type difference equation
5 5 5 5

A(n3(n+1)3(Ayn) )+n y3 =0, nx1, (32)

S 5
Here a, =n3(n+1)%, q,=n? o(n)=2n, and a:g, and

1
Aln) = Zs(s+1) “n

Clearly the conditions (3) and (8) are satisfied, and the condition (13) becomes

Then by Theorem 5 any nonoscillatory of (32) converges to zero as n — oo.

Example 2. Consider the following difference equation
1 1 1 4 1

A3 (n+1)%(Ay,)®)+n3y3, =0, n=1, (33)
1 4 l
Here a = (n(n+1))%, g, =n®, o(n)=2n, and azg. By simple calculation, we obtain
1 & 1 1
AnN)=) —= =—.
™ Z . Ss(s+1) n

n

The conditions (3) and (8) are clearly satisfied and the condition (16) becomes
3

: Sn*(n-1)°
Z“n(n+1) Z Z

" = (2s )3 " 23(n+1)

Then by Theorem 6, every solution of (33) is oscillatory.

Example 3. Consider the following difference equation
A(n(n+1)Ay,)+A1y,, =0, n=>1,1>0. (34)

Here a, =n(n+1), q, =4, o(n)=2n, a=1, and
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1
Aln) = Zs(s+1) “n

The conditions (3) and (8) are clearly satisfied and the condition (18) becomes

||msup—2/1—||msup ( 1) .

n—o s=1 n—oo 2
If 1> 2, then by Theorem 7, every solution of equation (34) is oscillatory.

4. Conclusion

The results presented in this paper are new and of high degree of generality. The results obtained in
the literature (Zhang and Li, 1998; Ping and Han, 2003; Arul and Ayyappan, 2013) are applicable
only when the studied equation is linear and canonical, but the results presented in this paper are
applicable to linear and half-linear equations with noncanonical forms. Therefore the results
provided in this paper complement, extend and enhance the existing outcomes recorded in the
literature. Further three examples are provided to dwell upon the importance of our main results.

It might also be interesting to extend the results of this paper to higher order advanced type
difference equation

A(an (Am_lyn)a) +d, yf(n) = 01 n= Ny»
where m>2 isanevenintegerand o and A are ratio of odd positive integers.
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